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1. INTRODUCTION 

Our aim in this paper is to present a rather general non-linear continuum theory 
that may prove useful for the interpretation of observations and experiments upon 
smectic C liquid crystals. In its present formulation our theory is constrained to 
exclude variations in the layer spacing thickness and also changes in tilt with respect 
to the layer normal. De Gennesl discusses a theory of this type for smectic A liquid 
crystals, but for these liquids applications of such a constrained theory are somewhat 
more restricted than for smectic C materials, and consequently our interest focuses 
on the latter. Throughout, much of our motivation and reasoning stem from ex- 
perience with nematic theory, details of which are available in, for example, the 
reviews by Ericksen2 and Leslie3 as well as the books by de Gennes' and Chan- 
drasekhar . 

Our description of smectic configurations follows de Gennes' and employs two 
directors, one normal to the layers and the second tangential to the layers. It turns 
out that with the symmetries assumed the local energy function quadratic in director 
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444 F. M. LESLIE, I. W. STEWART AND M. NAKAGAWA 

gradients has essentially nine terms, and is identical to that proposed by the Orsay 
Group' when restricted to small perturbations of planar layers. While there is more 
than one option for the derivation of equilibrium equations,6 our approach here 
adopts a principle of virtual work which is a generalization of that first employed 
by Ericksen' for nematics. Also, we confine our attention to non-chiral materials, 
but Nakagawas extends our model to smectic C* liquid crystals. Notwithstanding 
the complexity of the resulting equations, a number of solutions in which the layers 
are non-planar are possible including configurations with cylindrical, spherical and 
toroidal layers. However, following the discussion by Bragg9 and Frank'" a serious 
test for any such static theory of smectics is that it must also predict layers forming 
Dupin cyclides, and the present theory proves equal to this challenge." Moreover, 
our workI2 leads to further cyclide solutions not discussed by Bragg or Frank. 

The latter part of the paper proceeds to a derivation of a dynamic theory for 
smectic C liquid crystals similar to that for nematics described by L e ~ l i e . ~  With the 
symmetries assumed the dissipative stress contains twenty terms, this after appeal 
to Onsager relations, but as for nematics there is no dissipative term in the couple 
stress. Some preliminary studies of flow problems, however, indicate that this 
degree of complexity is necessary to produce flow alignment in certain configu- 
rations, and also predict the likelihood of transverse flows in other arrangements. 
Calculations presently in progress for light scattering will allow comparison with 
the earlier linear theory by Martin, Parodi and Pershan.13 Finally, our dynamic 
theory differs in certain important respects from that proposed by Schiller. l4  

Whenever possible vector notation is employed, but inevitably we must also use 
Cartesian tensor notation for tensorial quantities. In the latter a repeated index 
denotes a summation, a comma preceding a suffix a partial derivative, and ti,, and 
er lk  the Kronecker delta and alternator, respectively. A superposed dot represents 
a material time derivative. 

2. STATICS 

Theory 

To describe the layered structure in a smectic C liquid crystal, it is convenient to 
employ a density wave vector a, which in the absence of defects is subject to the 
constraint l5 

curl a = 0. (2.1) 

However, since our theory assumes that the layers remain of constant thickness, 
we can without loss of generality simply regard a as a unit vector identical to the 
layer normal. Following de Gennesl a further unit vector c describes the direction 
of tilt of the alignment with respect to the layer normal, this second vector being 
perpendicular to the layer normal a. Hence the two directors in our constrained 
theory are subject to the additional constraints 

a . a  = c * c  = 1,  a . c  = 0, (2.2) 

which with (2.1) give rise to undetermined multipliers in our equations. 
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THEORY FOR SMECTIC-C LCS 445 

As in nematic theory the local energy density is assumed to be of the form 

W = W(a, c, Va, Vc), (2.3) 

being a quadratic function of the gradients. Here the non-chiral smectic symmetry 
dictates that the above dependence is isotropic, and moreover invariant to the 
simultaneous changes of sign 

a +  - a  and c +  -c. (2.4) 

In this event the quadratic energy function can be written as 

2W = K,(V . a)' + K2(V * c ) ~  + K,(a * V x c)' 

+ K4(c . V x c)' + K,(b . V x c)' + 2K4V . a)(b 7 V x c )  

+ 2K,(a . V x c)(c * V x c)  + 2K8(V * c)(b . V x c) 

+ 2&(V . a)(V . c) (2.5) 

where b = a x c, surface terms being omitted. There are, however, alternative 
yet equivalent expressions for this energy, but we do not discuss this here (see 
Reference 16). For small perturbations the above is identical to the expression 
given earlier by the Orsay group., 

Our derivation of the equilibrium equations6 parallels that by Ericksen' for 
nematics, assuming a principle of virtual work for a given volume V of liquid crystal 
as follows 

6 Iv Wdv = lv (F 6x + G O  . Aa + G' . Ac) dv 

(2.6) + Jay (t . 6x + sa Aa + sc . Ac) ds 

where 

Aa = Fa + (6x . grad)a, Ac = Sc + (6x grad)c, (2.7) 

and F denotes external body force per unit volume, G" and G' generalized external 
body forces per unit volume, t surface traction per unit area, and sn and sc' gen- 
eralized surface tractions per unit area. As in Ericksen's derivation, the virtual 
displacements 6x are subject to 

div 6x = 0, (2.8) 

on account of the assumed incompressibility. The identity 
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446 F. M. LESLIE, I. W. STEWART AND M. NAKACAWA 

is also available. Following essentially the same manipulations as Ericksen, one 
can express the surface forces in terms of corresponding stress tensors and the unit 
surface normal v in the forms 

f, = f ; ,U, ,  sf = ffa; + pc; + s~,v,, sf = yc; + pai + S f j U j ,  (2.10) 

where 

the scalars 01, f3 and y arising from the constraints Equation (2.2), the pressure p 
from Equation (2.8), and the vector p from Equation (2.1). In addition, the virtual 
work postulate Equation (2.6) leads to the following balance laws 

F; + = 0, (2.12) 

and 

(2.13) 
+ G: + Xuj + pc; + eilkPk,, = 0, aw 

aw + GF + xc; + pai = 0, 

the multipliers A, p and x again arising from the constraints Equation (2.2). Not 
unexpectedly the Equation (2.12) represents a balance of forces, but less obviously 
perhaps Equations (2.13) are equivalent to a balance of moments (see Reference 
6 for details). Indeed one can show that the body moment K and the couple stress 
tensor I are given by 

K = a x Go + c X G", (2.14) 

and 

(2.15) 

respectively, essentially through a repetition of the argument by Ericksen.' 

combine the above Equations (2.12) and (2.13) to obtain the integral 
When external forces and moments are absent, it is relatively straightforward to 

p + w = Po,  (2.16) 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 1

0:
07

 1
9 

Fe
br

ua
ry

 2
01

3 



THEORY FOR SMECTIC-C LCS 447 

where p o  is an arbitrary constant. With certain assumptions regarding the external 
forces and couples, a similar result follows when these terms are present. Conse- 
quently the Equation (2.12) representing balance of forces need not concern us 
further, unless to compute forces, and we therefore concentrate upon the Equations 
(2.13) representing balance of couples. 

Solutions 

We now provide some examples of static solutions which satisfy Equation (2.13). 
There are essentially six types of well behaved surface which readily provide static 
configurations for a restricted six term version ( K ,  to K6)  of the energy given by 
Equation (2.5). These are the Dupin (or hyperbolic) cylides, circular tori of rev- 
olution, spheres, parabolic cyclides, infinite cylinders and planes. Solutions cor- 
responding to infinite cylinders and planes, together with any necessary Lagrange 
multipliers, can be derived in a straight forward manner while solutions for the 
remaining four types are more intricate. We shall present a brief summary of the 
solutions for Dupin and parabolic cyclides (see Nakagawa,’, and Stewart et a1.” 
for details) and mention the solutions for spheres (see Leslie et d6).  

The general equation for a Dupin cyclide in Cartesian coordinates is 

(x’ + y 2  + z2  - r2)2 - 2A2(1 + e’)(x2 + r’) 

- 2A2(1 - e2) (y2  - 2) + 8A2 erx + A4(l - e2 ) = 0, (2.17) 

where the confocal conics enabling the construction of this surface are given by 
the ellipse and hyperbola 

(2.18) 

Here C2 = A2 - B2 while in Equation (2.17) r is some real parameter and the 
eccentricity e is defined by e = C/A.  Equation (2.17) can be parameterized as 

x ( A  cosh u-C cos v) = A cos v (A  cosh u-r) + C cosh u(r-C cos v), 

y(A cosh u-C cos v) = B sin v(A cosh u-r) ,  

z (A  cosh u-C cos v) = B sinh u(r-C cos v), 

where, for the surfaces of interest, 

C cos v 5 r 5 A cosh u,  

(2.19) 

0 5 v 5 2 ~ .  (2.20) 

a = (1, 0, 0) and c = (0, 1, 0) (2.21) 

Transforming from the (x, y ,  z )  to the ( r ,  u, v) frame we can show that 
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448 F. M. LESLIE, I .  W. STEWART AND M. NAKAGAWA 

satisfy the constraints Equations (2.1) and (2.2) and provide a solution to the 
transformed version of Equations (2.13) where we can derive suitable Lagrange 
multipliers. Further, as mentioned by Nakagawa,” if e vanishes (i.e., the conics 
become a circle and a straight line) then we obtain the solution for the circular 
torus. 

The Cartesian equation of a parabolic cyclide is 

x(x* + y 2  + 2 2 )  + (x2 + y2)(1 - IJ.) 

- zy1 + p) - ( x  - p, + 1)(1 + p)’ = 0 (2.22) 

where the confocal conics essential to the construction are the two parabolas 

(2.23) 

and 1 and I*. are real parameters. Equation (2.22) can be parameterized as 

x(1 + a2 + t2 )  = p(a2 + t2 - 1) + l(t* - a2 - I) ,  

y ( l  + a2 + t2)  = 2t(l(iY + 1) + p), 

~ ( 1  + a2 + t2)  = 26(1t2 - p), 

where 

--ccI < 6 < +“, 

--co < t < +m, 

- -w < p < +m. 

(2.24) 

(2.25) 

Transforming from the Cartesian to the (p, 6 ,  t )  frame we find that 

a = (1, 0, 0) and c = (0, 1, 0) (2.26) 

fulfil constraints (2.1), (2.2) and the transformed Equations (2.13) upon obtaining 
suitable Lagrange multipliers. 
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THEORY FOR SMECTIC-C LCS 449 

In spherical coordinates (Y, 6 ,  cp), static solutions can be found when, ignoring 
singularities for the present, we set 

a = (1, 0, 0) and c = (0, 1, 0) (2.27) 

or 

a = (1, 0, 0) and c = (0, 0, 1) (2.28) 

3. DYNAMICS 

Theory 

Our derivation of a dynamical theory for smectic C liquid crystals essentially em- 
ploys the balance laws of classical fluid mechanics. The assumption of incompres- 
sibility requires that the velocity vector v satisfy 

div v = 0 (3.1) 

and thus conservation of mass simply reduces to density p being a constant. Balance 
of linear momentum is as usual 

F again denoting the external body force per unit volume and t the stress tensor. 
However, our equation for balance of angular momentum takes the slightly ex- 
tended form 

with K the external body moment per unit volume, and I the couple stress tensor. 
Here the inertial term is assumed negligible. In addition, the ensuing derivation 
appeals to the rate of viscous dissipation per unit volume 9 being positive, and 
one can show from consideration of the rate at which work is done on an arbitrary 
volume that 

where W is the stored energy Equation (2.3) and o the local angular velocity of 
the fluid element. 
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450 F. M. LESLIE, I. W. STEWART AND M. NAKAGAWA 

Given the above static theory, it seems reasonable to set 

and 

where f and i denote dynamic contributions, and further to assume that 

f and i are functions of a, c, o and Vv, (3.7) 

this being analogous to the derivation of nematic theory given for example by 
L e ~ l i e , ~  since 

a = w x a  and c = o x c .  (3.8) 

Invariance and symmetry require that the dependence Equation (3.7) be replaced 
by 

f and are isotropic functions of a, c,  A, C and D. (3.9) 

where 

(3.10) 

and symmetry further dictates that the functions are unaltered by the transfor- 
mation, Equation (2.4). 

Our constitutive assumptions Equations (3.5) and (3.6) can be shown to reduce 
the Equation (3.4) to an inequality 

this following by appeal to Equations (3.8), the identity 

dW 
+ c  - 

dW dW aw 
ac, + ap.k - 

daq.k 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 1

0:
07

 1
9 

Fe
br

ua
ry

 2
01

3 



THEORY FOR SMECTIC-C LCS 45 1 

which is a consequence of the invariance property of the stored energy (compare 
Ericksen'), and 

which can be derived from the constraint Equation (2.1) using the first of Equations 
(3.8). The nature of the inequality Equation (3.11) and our constitutive assumptions 
Equations (3.7) immediately yield 

I . .  = 0, (3.14) 
11 

analogous to the result for a nematic. 
Somewhat naturally we here assume that the dissipative stress is linear in the 

vectors A and C and the rate of strain tensor D but this leads to an expression with 
thirty two terms. However, appeal to Onsager relations reduces this considerably 
to twenty terms. In this way, employing the notation 

Dp = D j p I  and Df = D i j c j ,  (3.15) 

we obtain for the symmetric part of the dynamic stress 

i" 11 = poDi j  + pla,Dia;aj + p2(Dpal + D ~ U ; )  + py$l;~i~~ 

+ p4(D7cj + DSc;) + pSc,D;(ajcj + U ~ C ; )  

+ A,(A,uj + Aja , )  

+ A2(Cjcj + Cjcj )  + A,cpA,(a,cl + ajci)  

+ x,(Dpcj + D7ci + Dfaj + D7aj) 

+ x2[a,l);(ajcj + ajc,) + 2u,D;uiaj] 

+ x3[cpD;(aicj + U j C j )  + 2u,D;clcj] 

+ ~ , ( C i a j  + Cia;) + 72(AjcI + Ajcj) 

+ 2 ~ , c ~ A , a , a ,  + 2 ~ ~ c , A , c ~ c ~ ,  

and for the skew symmetric part 

= A,(Dyaj - D ~ u , )  + AZ(Dfcj - DFc,) + A,c,D;(u;c, - u ~ c ; )  

+ &(Ajaj - A j ~ j )  + AS(Cjc; - Cjcj) + X,j~,A,(aj~j - u ~ c ; )  

+ ~ ~ ( D p c ~  - Dycj) + ~ ~ ( D f a ,  - DFa,) + T ~ u , D ; ( u ~ c ~  - a jc j )  

(3.16) 

+ T ~ C , D ; ( U ; ~ ,  - ~ j c j )  + 7.j(A,cj - AjcI + C,U; - C j ~ j ) .  (3.17) 
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452 F. M. LESLIE, I. W. STEWART AND M. NAKAGAWA 

For later use it is convenient to express the intrinsic torque due to the latter as 

+ 7,ciapD; + 7,cicPDi + 7&), (3.19) 

gr = -2(X2Df + h5Ci + T,& + T & ~ ) .  (3.20) 

Amongst other things this allows one to rewrite the viscous dissipation inequality 
as 

which imposes restrictions upon the various viscous coefficients. 
Finally, it is useful to note that Equation (3.3) is now equivalent to the equations 

+ gf + GP + Xu, + pc, + ei lkPk, ,  = 0 ,  

aw + gf + Gf + xc, + pa, = 0,  (3.22) (g),, - dc, 
and further that Equation (3.2) can be recast as 

where 

this being the dynamic counterpart of the result, Equation (2.16). 

Flow Alignment 

Here we consider two relatively simple flow configurations, both selected on the 
grounds that the flow considered is unlikely to disturb the initial planar layer 
structure. The first envisages a smectic between parallel plates with the layers 
everywhere parallel to the plates, one of which is set in motion to create simple 
shear flow. The second has the layers normal to the plates, and again simple shear 
is generated by moving one plate in a direction parallel to the layers. Both flows 
produce somewhat unexpected results. 

For a preliminary investigation we ignore the influence of the plates upon align- 
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THEORY FOR SMECTIC-C LCS 453 

ment, and therefore for the first configuration consider a velocity and director fields 
with Cartesian components 

where k is a positive constant, cp is a function solely of time, and the z-axis is 
normal to the plates. In this event Equations (3.22) and (3.23) reduce finally to 

2A5+ + k ( ~ ~  - .r,)sin cp = 0, (3.26) 

the remaining equations being satisfied by a suitable choice of the unknown mul- 
tipliers. Since the Inequality (3.21) implies that A, is positive, it follows that 

cp + 0 if T~ > T ~ .  and cp -+ IT if T~ > T ~ .  (3.27) 

This result is a little surprising in so far as it is necessary to include so many terms 
in the viscous stress to produce the result one anticipates. For example, if one 
replaces the symmetry condition (Equation (2.4)) by one which allows an inde- 
pendent change of sign in either director, this would lead to a loss of flow alignment. 

For the second configuration described above, choose 

v = (kz ,  0, 01, a = (0, 1, 0), c = (cos cp, 0, sin cp), (3.28) 

where again k is a positive constant and cp a function of time. With this choice the 
equations ultimately yield 

2X5@ + k(A5 + A2 cos 2cp) = 0, (3.29) 

which may or may not produce flow alignment depending upon the relative mag- 
nitudes of A, and 4. However, in either event the shear stress producing the flow 
is not parallel to the flow direction, there being a non-zero transverse component. 
When surface effects are included and the alignment has a spatial dependence, this 
must lead to transverse flow which is unexpected. 

4. CONCLUDING REMARKS 

While the equations in the above theory are perhaps rather more complex than 
one might at first wish, they do appear to be the minimum necessary to provide a 
credible model. Nonetheless a surprising amount of progress has been possible, 
particularly in terms of solutions for static configurations, this creating confidence 
as to the relevance of the theory. Moreover, there are already first indications of 
the value of such a continuum theory in that its preliminary predictions point to 
novel effects encouraging related experiments. In this latter respect, it would cer- 
tainly be useful to have some evidence as to how flow and external fields affect 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 1

0:
07

 1
9 

Fe
br

ua
ry

 2
01

3 



454 F. M. LESLIE, I. W. STEWART AND M. NAKAGAWA 

the layer structure in smectics through careful experiments with optical monitoring. 
Perhaps the existence of a plausible theory will stimulate new observations, which 
in turn will encourage relevant calculations. 
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